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[ — . Abstract 

A Lagrangian formulation describing the electromagnetic interaction - mediated by topo- 
logically massive vector bosons - between charged, spin-^ fermions with an abelian magnetic 
monopole in a curved spacetime with non-minimal coupling and torsion potential is presented. 
The covariant field equations are obtained. The issue of coexistence of massive photons and mag- 
netic monopoles is addressed in the present framework. It is found that despite the topological 
nature of photon mass generation in curved spacetime with isotropic dilaton field, the classi- 
cal field theory describing the nonrelativistic electromagnetic interaction between a point-like 
electric charge and magnetic monopole is inconsistent. 
^ ! PACS: 04.50, 04.65, 11.25 

CO 

en ■ 1 Introduction 

vd 

Extended Theories of Gravity have become a sort of paradigm in the study of gravitational in- 
teraction since several motivations push for enlarging the traditional scheme of Einstein's General 
Relativity (GR) [1J. Such issues come, essentially, from cosmology and quantum field theory. In 
the first case, it is well known that higher-order derivative theories and scalar-tensor theories give 
^ . rise to inflationary cosmological solutions capable, in principle, of solving the shortcomings of the 

Standard Cosmological Model. Besides, they have relevant features also from the quantum cosmol- 
ogy viewpoint. In the second case, every unification scheme as Superstrings, Supergravity or Grand 
Unified Theories, takes into account effective actions where nonminimal couplings to the geometry 
or higher-order terms in the curvature invariants come out. Such contributions are due to one- loop 
or higher-loop corrections in the high-curvature regimes near the full (not yet available) quantum 
gravity regime. In the weak-limit approximation, all these classes of theories should be expected 
to reproduce Einstein's GR which, in any case, is experimentally tested only in this limit. This 
issue is debatable however, since several relativistic theories do not reproduce those of GR in the 
Newtonian approximation. 

Magnetic monopoles were first proposed by Dirac in the framework of classical electrodynamics 
in his classic works [2]. The main purpose for the introduction of monopoles was to provide a 
physical explanation for the quantization of electric charge. This is known as the Dirac quantization 
rule. Antisymmetric tensor gauge fields analogous to the torsion potential employed here were 
proposed some time ago in the literature. The first description of such an antisymmetric field 
was due to Ogievetskii and Polubarinov [3]. In 1973, Kalb and Raymond [4] described classical 
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string interactions by means of an antisymmetric field the interpretation of which is that of a 
potential generated by the string. Scherk and Schwarz [5] showed that torsion could be viewed as 
the product of the antisymmetric field of string theory multiplied by a scalar field. In their work, 
the spacetime metric was not covariantly constant. In [6], Fradkin and Tseytlin derived an effective 
Lagrangian density in the low energy limit of string theory, describing not only gravity but also a 
scalar (dilaton) and antisymmetric field. 

In the present work we implement a scalar-tensor generalization of gravity in the sense of Brans- 
Dicke [8] with non-vanishing curvature and torsion, whereby the gravitational coupling constant 
becomes a scalar field. This scalar field is identified as the dilaton. Being a new dynamical 
variable of the theory, we include a kinetic term for the dilaton in the total system Lagrangian 
density. Gravitational theories with torsion such as Einstein-Cartan theory [9] or Poincare gauge 
theory |10| [TT| [T2| I13j describe the torsion as being the anti-symmetric part of a generalized affine 
connection or as the Cartan structure equation for the dual frame field taken as a gauge potential. 
By contrast, we assume in this paper that torsion is derived from a (anti-symmetric) second- 
rank tensor potential [2] which could be further generalized by considering bi- vectors [15]. We 
admit topological interaction between torsion and electromagnetic gauge potentials and consider 
the electromagnetic interaction between charged, nonrelativistic spin-^ fermions with an abelian 
magnetic monopole. As a consequence of the electromagnetic and torsion gauge field coupling, the 
fermion-monopole interaction is mediated by topologically massive vector bosons. The material 
Lagrangian density is taken to be that of the Dirac minimally coupled type. 

It is known that massive photons and magnetic monopoles of the Dirac type cannot coexist 
within the same theory defined over flat Minkowski spacetime I17j . In such scenarios, the 
photon mass is usually introduced in an ad hoc manner by explicitly breaking the gauge symmetry 
of the theory. In this work we consider whether such an incompatibility emerges from the a 
priori inclusion of photon mass or from the specific mechanism for gauge boson mass generation. 
Moreover, due attention is given to the role of the curved spacetime geometry and isotropic dilation 
field with regard to this incompatibility. 

The paper is organized as follows: In Section 2, the Lagrangian density representing the matter 
background is specified. In Section 3, the total system Lagrangian density including gravity, gauge, 
matter and interaction terms is obtained. The electromagnetic and torsion gauge field, Einstein, 
Klein-Gordon, (nonlinear) Dirac equations of Heisenberg-Pauli type and Bianchi identities in the 
electromagnetic and torsion sectors are obtained in Section 4. In Section 5, we investigate the 
possibility of coexistence of magnetic monopoles with topologically massive vector bosons within 
the framework of Scalar- Tensor Gravity with Torsion Potential. Our conclusions are presented in 
Section 6. 

2 The Matter Background 

To make a distinction between the coordinate (or holonomic indices) and local Lorentz (or non- 
holonomic) coordinates, we use Greek indices (fj,, v = 0, 1, 2, 3) for the former and Latin indices 
(j, k = 0, 1, 2, 3) for the latter. Latin indices are raised and lowered with the Minkowski metric 
rjij. Greek indices are raised and lowered with the spacetime metric g a p. We use geometrized units 
(H = c = 1) throughout this work. 

In the present Section, we are concerned with constructing a Lagrangian formulation of the 
dynamics of spinor valued fields ip{x) defined over a curved manifold endowed with torsion. The 
equations of motion are given as the Euler-Lagrange equations for the corresponding action-integral 
/ (ft) = f n d A xC (tp (x) , dip (x) ; x) defined over a spacetime volume Q. In order to introduce spinor 
fields in the Riemann-Cartan geometry considered here, it is convenient to choose an orthonormal 
(Lorentz) basis vectors ei = ef (x) e a for the tangent space satisfying • = rj^ where e a = d a = 
■J^s represents a coordinate basis in the tangent space Tp at point P in the spacetime manifold, 
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?7j„- =diag(— 1, +1, +1, +1) is the Minkowski metric and g a p = e a ■ ep is the metric of curved 
spacetime. The metrics r]^ and g a /3 are related via 

g a /3-=ei(x)e^(x)ri ij . (1) 

The quantities (x), called tetrads, are coefficients of the dual (1-form) basis non-holonomic co- 
vectors $ a (x) = e a ^{x)dx~ 1 that satisfy the orthogonality relations e a je l a = 5 l j. In particular, 
the tetrads constitute transformation matrices that map from local Lorentz (with non-holonomic 
coordinates x a ) to coordinate (with holonomic coordinates x^) bases, i.e., v a = efv 1 with v l = v a e l a . 
The components (x) and e" (x) transform as covariant and contravariant vectors (under the 
Poincare group) of the frame x^, if and only if the rotations d^e^ vanish at all points. The 
equations d^e^ = are the so-called integrability conditions [ID] , implying e£ (x) = d\x l . If the 

integrability condition is not satisfied, the reference frame formed by ef (x) and e{ (x) is said to 
be non-holonomic. The quantities 

^cab ■= e„ c (s) [e\(x)d,e\{x) - e\{x)d^ a {x)] , (2) 

are called the objects of non-holonomicity. They measure the non-commutativity of the tetrad basis 
[9]. We may readily define tensors and various algebraic operations with tensors at a given point in 
the spacetime manifold. Comparison of tensors at different points however, requires introduction of 
a linear connection via the process of parallel transport. The linear connection defines a covariant 
derivative operator D. In non-holonomic coordinates, the parallel transport of an orthonormal 
basis ej is given by [9] 5et = —oj^jeaekdx = —u k ia ekdx a . The associated covariant derivative 
is given by D^tp = (d^ + ui^Jab) Tp, while for the contravariant components of a non-holonomic 
vector we have D^v 1 := d^v 1 + u l „• v 3 . Note that is a coordinate representation of the operator 
D. The coefficients are known as the spin-connection and the matrix 7 ifc is an irreducible 
spinoral representations of the Lorentz group defined by 

lik = 2 (7i7fc - Ikli) ■ (3) 

Under local Lorentz transformation (LT) the covariant derivative itself should transform as a scalar 
since it does not carry a Lorentz (Latin) index. Thus D^v 1 — > D'^v n = AjD^yi where A*- := is 
a non-holonomic transformation matrix. Making use of the equation for D^v 1 , D'^v h and the fact 
that d^r] ab = (since the Minkowski metric is constant) we obtain the transformation property of 
the spin connection 

u a \ - <j% = K^y\ - (<9A°) aM - ( 4 ) 

Parallel transport is a unique geometric operation that is independent of the choice of frame. The 
relative rotation of a coordinate (holonomic) basis vector e a is given by dx a (da^^ + ^ a (3 <e k^) e 7 = 



dx a (^V a e fc J eg ej with the affine connection T p ^ u = e i p (x) D v e % ^ (x) = —e^ (x) D u e p \ (x) defining 

the covariant derivative V Q := d a + Iv Hg 7 . The matrices S a/ g = —'Epa are generators of the 
Lorentz group satisfying the Lie algebra 

pijj ^kl] = Vik^jl + r ljl r 'ik — Vjk^U ~ Vil^jk) (5) 

with Hjj = e"e^ H Q/ g. At this juncture we emphasize that there is only one linear connection. It may 
be expressed in either holonomic or non-holonomic frames of reference. As will be shown, these 
two representations of the linear connection are related by Ijl7]> . Moreover, the linear connection 
(expressed in either reference frame) is not a priori torsion free. Indeed, it will be shown that the 
linear connection does contain torsion, the latter being equivalently defined by either (fT3l) or (fT8j) . 
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The covariant derivative of a quantity v x (t> 7 ) which behaves like a contravariant (covariant) 
vector under the local Poincare transformation is given by 

V u v x = d I/ v x + T x pu v p , V u v p = d v v p -T x pu v x . (6) 

In analogy to ([3]), the transformation property for the affine connection coefficients T p pv is given by 

where A"^ := is the holonomic transformation matrix and A p au = d a d u x p . In view of the 
inhomogenous term A a p A p x A p QU in ([7]), the linear connection is not a tensor. 

The parallel transport of a vector around an infinitesimal closed path is proportional to the 
curvature of the manifold which may be calculated as [21] 

[D k , Di] ^ (x) = \R ij kllij^ (x) + C l kl D^ (x) , (8) 

with Dk := e k D p . The central charge R 1 ^ ki and structure functions C l j k of the deformed algebra 
(JSj) are given (in non-holonomic coordinates) by the Cartan structure equations 

R ij kl ( W ) := = d^\-d v ^^\^ v -J kv ^^ C) k = (e^e\ - e\e^) D u e^ (x) . 

(9) 

The curvature tensor R x pjJiV (expressed in holonomic coordinates) is defined by, 

R a -yp\ CO = <9 7 rpA — d p r" x + r® a r pX — r" CT r^ A . (10) 

It is interesting to observe the similarity in structure of the curvature tensors in ()10p and the first 
equation in ([9]). Indeed, there is only one curvature tensor since these two quantities can be trans- 
formed into each other via appropriate tetrad index saturation, R % - kl (oj) = e^eJe^efR 01 x (T). 
We can therefore view R a lp \ CO in (|10p and R 3 kl (uj) in Q as holonomic and non-holonomic 
representations, respectively, of the same spacetime curvature. 

Since the basis vectors (in either holonomic or non-holonomic frames) change from one point in 
the spacetime manifold to another, the derivative of a vector must be given by [22] d p v = d p (Ve^) = 
(dfj.v 1 ) ei + v l (c^ej) = (V M i/) ej. This implies that d p ej = uj 1 ^ ej. For similar reasons, we conclude 
d p e y = T p Ufl e p . Thus, if we choose a transformation in ^) which leads from a non-holonomic to a 
holonomic frame, then we find (9j [22] 

cUi A - uj k iv e k x + T A pu e t " = V u e, x = 0, d v j p + J kv e k p -T x pu e l \ = V v j p = 0, (11) 

since d p e ju = d p (ej ■ e u ) = uj 1 jp ei ■ e u + T p up ej ■ e p = uj 1 jp e iu + T p Ufl ej p . Observe that V v = 
V v (T + u). Recalling ([T]) and using ffTT]) . we may derive the so-called metricity condition Va (r) g pv = 

T>\ (r + a;) g pu = T>\ (T + uj) (e' p (x) ej (x) = 0. This metricity condition enables the defini- 
tion of the linear connection PL = T pp + T°, where the quantity T a pfl can be identified as the 
Christoffel connection coefficient 

f % ■= \ 9 Ka (d K g PP + d p g, K - d p g Kp ) (12) 

and is the torsion tensor defined as the asymmetric part of the affine connection, 

1 0-y ■— 1 0-y ~ 1 7/3- l ic V 
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With (|12p and (|13p in hand, the quantity R k iji in ® can be expressed in terms of its torsion-free 
R k ijl and torsion dependant contributions as [21] 

R\jl = e? (x) e k a (x) (A% x + 2V[,T« ]A + 2T^/) , (14) 

where V p A a := d p A a +t p y pA 13 , V p A a := c^Aq,— f p\ a Ap, the square brackets in r^i^Tj^^ represents 

anti-symmetrization with respect to ij, (3 being fixed and R a lp \ = ^° 7P a \p ~ * ^) • We no * e ^ na * 
the Ricci tensor R p \ = R pa " takes the form 

R„x = Rfi\ (f ) + V a T^ - V^TS + T a ^Tj - T^ a Tj, (15) 

where the torsion-free contribution R p \ f f | is defined as 

Rfiu ) = &yf ^„ — dyTj^ + f^ejyf " n — f ^ fc f I/7 . (16) 

From (jlip we can deduce a relation that allows to compute the affine connection in terms of the 
spin connection (and tetrad) or vice-versa, namely [22] 



T a ^ = e a ° [d^ - J> a[i e hv y (17) 
It is interesting to observe that substituting r = T (to) from (fT7]) into (fT3|) leads to 

T%4rfe> = e?el (D^ - D^) = C%, (18) 



which establishes a means to transform between the holonomic torsion tensor T"^ in (|13p and the 
non-holonomic structure functions C l - k in ([9|) (and vice-versa) in terms of appropriate tetrad index 
saturation. This situation is entirely analogous to the transformation from R l - kl (uj) to R a ~ fp \ (r) 
(and vice- versa) via tetrad index saturation. From (|18|) or @, the torsion tensor can be viewed as 
a sort of field strength associated with the tetrad coefficients that describes a twist of the tetrad 
under parallel transport (relative to a given basis) that is independent of the effect of curvature 
(i.e., a twist in a plane perpendicular to the plane of parallel transport). This is to be compared 
with the interpretation of torsion as the asymmetric part of the affine connection according to (|13|) . 
Equation (|18p can be solved for the spin connection, yielding |12] 

Waft/i := r i^cab + ^bca ~ Slabc) e c M (x) + T ab/1 . (19) 

The quantities T a ^ are related to the spacetime torsion tensor T a p^ according to := (x) e k (x) T a p p . 
We assume in this work that the torsion is totally antisymmetric and of potential type, that is, we 
employ the ansatz that T is derived from a second-rank, tensor potential H pv = —H vp according 

to [uj 

Tpfa = dipHfr]. (20) 

The Lagrangian density for a fermion field ip (x) in curved spacetime [18, 19J with torsion is given 
by 

^matter = \ [[D$) fty - IrfDrf] - - eArffe, f (e) := (21) 

where ij) is the Pauli conjugate of the Dirac field if) defined by ip{x) = i^(x)y , (f) is the Her- 
mitian conjugate and 7 represents the appropriate Dirac 7-matrix with 7^ := e^(x) 7 *, A p is the 
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electromagnetic 4-vector potential, e is the electric charge of the fermion and j?-. is the fermion 
current. The Lagrangian density (|21|) can be re-written as 

^matter = ^matter " g^ a/ # { 7 ^, 7 ^} V " eAtffa , jfe := i^V, (22) 



where 

r - 1 

^-matter — ^ 



(b a ^) 7 a V - ^V^W] - m^V, ( 23 ) 



with D a ip := - \^>aiji l H and D q i/j := Sq,^ + |o; Q .jjV>7* J , ^aij = |e c a (x) (O ci j + tyd - tt ijc ) 
being the torsion-free spin connection. Using the following relations 

(24) 

I 7^7Va«x = {7^, 7^} e^A. = 3! 7(t75 , 7 ^ A } = T^tV 1 , 
we obtain 

{7", 7 a/? } ^ = ^T^P'v'jto, j 5v := V>7 5 7„V>, (25) 

where j5„ is the fermion pseudo-current. Defining the torsion axial-vector (also referred to as the 
torsion dual in what follows) 

T u ;= }_ e a^ Ta ^ (26) 

the first equation in ()25[) becomes, 

(^757^) e a ^ u T mP = -Uj 5v T\ (27) 

The interaction between the Dirac field and torsion has been reduced to a coupling of the fermion 
axial current to a torsion axial- vector T„. Thus, the matter Lagrangian density in curved space 
with torsion [20j and electromagnetic fields reads 

•^-matter = ^matter + "g"-^/xJ5 — e ^A t -?(e)' (2^) 

3 The Total System Lagrangian Density 

We now consider the geometrical setting in which the matter content - represented by Lagrangian 
density (I28D - is immersed. The Einstein-Hilbert Lagrangian density is given by 



R 

-£geom \/ 9~i J (29) 
fc 



where ko = 16 e 4 G and R = g 1 ^ Rij is the scalar curvature. Note that l p = (G) 1 ^ 2 is the Planck 
constant (in geometrized units). In the Brans-Dicke generalization of gravity, one introduces a 
scalar field $ via the replacement G — > e 2 *G (i.e. ko — > e 2 */jo)- For simplicity, let a = e fcp . 



With this generalization and the transformation ko — ► e 2 ®ko, the geometrical Lagrangian density 
becomes 



£geom = ^ai? = y/^g^r— ( ^ + d-yT* 7 " + T / A V ) • (30) 



-2* 

Observe that the quantity d^T a 7 " in (|30p is vanishing since Tq, 7Ct = (due to the total antisymmetry 
of the torsion tensor, see (|20p ). For this reason, we may choose to rewrite e~ 2 ^ 'd^T a ia as a total 
divergence 9 7 (e _2 *T Q 7Q ) which does not contribute to the equations of motion. We work in the 
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so-called Einstein frame [24, 23J. For this reason we perform a conformal transformation on the 
metric tensor 

/ 2$ riu lav — 2$ uv toi\ 

9/j.v -> 9y,u = e 9im>, 9 -> 9 = e S , (31) 

which leads to 

v ^/ = e i *V=9, (32) 

where g = det and g' = e 8 ®g. Under the conformal transformation (|3ip the Christoffel symbols 
transform according to, 

f % - f%, = f ^ + ^ ^ + ($,<&) ^ - (dp*) g^] . (33) 



With the conformally transformed Christoffel symbols (|33p . the correspondingly transformed scalar 
curvature is given by 

R^R' = jV> (Q V Y> ^ _ fyf- % + f 'J A f % - ^ x r%) . (34) 

By direct calculation, we obtain 



R' = e 2 *R + 6e 2 V 



(35) 



Letting <p = 2$, the geometrical Lagrangian density becomes 

(36) 



a =1 

geom k 



R - e~ 2 % ua T^ + | (e^) («V) + -□</> 



where □ := g^ v dJd v . It is worth observing that the dilaton kinetic term in is generated by the 
conformal transformation (|31 1) acting on the curvature scalar taking R to K . Moreover, we note that 
the Lagrangian density (I36p is true up to a total divergence that is proportional to <9 7 (e -2 *^ 7 ") . 
As a working hypothesis we assume the dilaton <j> possess an isotropic field configuration (i.e. 
0(r) = 0(|r|)). 

It is straightforward to verify that under conformal transformation (|3ip £ m atter is invariant. 
Using the conformal transformation on spinor fields [25] 

^^^ = e -f^H)^, $ = e§ * (|r1) ^, (37) 

we determine 

■^matter > ^matter — ^-matter 

If the fermion current is conserved, then we expect d^j^ = 0. Since (4>j^ e ^j is a total divergence 
it does not contribute to the equations of motion so it may be ignored. The interaction term 
§^lhat'07 7^7 ^ is invariant under the conformal transformations (|3ip since T^ CT is postulated 
to be so, and the spin energy potential T^ va := t^j^^^ip is trivially invariant under scale 
transformations. It is obvious that the mass term is invariant under scale transformations. 

Having introduced the geometrical setting and matter content (electrically charged, nonrela- 
tivistic spin-^ particles) of the model, we now consider electromagnetic interaction between such 
prototype matter and abelian magnetic monopoles, where the photons mediating this interaction 
are topologically coupled to the anti-symmetric torsion potential. We are concerned with investi- 
gating whether the incompatibility of massive photons and magnetic monopoles within a classical 
theory is a consequence of the a priori inclusion of photon mass or is related to the specific mecha- 
nism for gauge boson mass generation. We include the monopole in a non-dynamical manner. The 
Lagrangian density describing the gauge sector of this scenario is given by 

-£gauge = 3~ liv /^O^aftpcrA d^H^ , J- av '.= F^v + Gp,ui (39) 
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where the Hodge dual (*) of Q pv is defined by *Q pv := ^e pvpa G p( T- The electromagnetic field 
strength has the usual form F va := d v A a — d a A v while the monopole contribution is given by 

QP° (f) : = 4vre (m) J dx p A dx a 5^ (r - f monopole ) , (40) 

where er m \ is the magnetic charge. Observe that (|40p is antisymmetric and is responsible for break- 
ing the Bianchi identity ([56]) in the A^ sector. The total Lagrangian density Aotai (</>j H^, A^, e*, ip) 
■^geom (0j ^) ~\~ -^gauge (H^y, A^) -\- /^matter {ip, if) is given by, 

Aotai = ^ U ~ e- 2 ^% yu T^ + | (c^0) + - ^jr^ + n Q e aPpa A a & i H'*' + 

"(l)^) 7 M - VVA^] + |^ - e^ e) - m^. (41) 



+ 2 



We remark that the coupling term proportional to describes a topological interaction between 
gauge fields A a and H pa . This may be understood from the lack of ^-dependent terms in the 
canonical energy-momentum tensor T,^ u appearing in (|55p . This fact reflects the lack of energy 
associated with the interaction. Such interaction has no local propagating degrees of freedom, 
hence being topological in nature [26]. 



4 Field Equations 



By variation of the action I = f \/— gd a;£totai (</>j H^, A^, e* , if) with respect to <fi, H^, A^ and 
■0, and requiring the coefficients of each variation independently vanish, we obtain the equations of 
motion 



dC 



dC 



dC 



n 9C _ a I dC 



0, 



(42) 



dC 



0, 



dC 
dA u 



dC 



0. 



To obtain the explicit form of the dynamical equations for the fermions we recall that the Dirac 
7-matrices are covariantly constant, 



In r„ 



with f K 



1 



(43) 



The 4x4 matrices f K are real matrices used to induce similarity transformations on quanti- 
ties with spinor transformation properties [27], that is r y i — > 7^ = r _1 7jr. Varying T K leads to 
5T K = I [(9 K 57 t ) 7' — (<5r^ tK ) 7 At 7 t ] • Since we require the anticommutator condition on the gamma 
matrices 7^7^ + 7^7^ = sy^l (Dirac algebra) to hold, the variation of the metric gives 



2Sg^ = {S^,Y} + {l fl , &f}. 



(44) 



One solution to this equation is 5j u = h^f a Sj ai/ . With the aid of this result, we can write 
(d K 5^ L ) Y = \dn (rf u $gvi) Y- Finally, exploiting the anti-symmetry in 7 we obtain 



5t K = -{g U(T 5T^ -g^5T v :) 7^. 



(45) 



With the above variational relations, it is straightforward to show that the dynamical equation for 
the fermions is a nonlinear Dirac equation [28] of Heisenberg-Pauli type, 



^ (b^-ieA^+^T^^ 



m 



= 0. 



(46) 
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For the scalar field </> we obtain the Klein-Gordon equation 

□0 (|f|) - ie-W^T^T*™ = 0. (47) 

To obtain the analogue of the Einstein equations the following calculations involving the metric 
tensor g^ u and its determinant g = det (g^u) are useful. Recall gg^ v = and gg pu = —j^jjiu- 

Now since byf^^g = 9 "q^ 5g = — 2 ^f- g w here = gg^ u , we can write Sg = gg^Sg^. Thus, we 

obtain b^/^g = - "^Jit v . However, since gg^bg^ = gg^bg^ = y/^^f^gg^bg^ ■, we conclude 

= V^g^SgV. Hence, 

8yF9 = -\yf=99v,&<r- (48) 

Writing the metric in terms of the tetrads g^ v = e^e 1 ' 1 , we observe by/—g = —\\J—g (be^e* + e u ibe ul ^ . 
By using be v% = b (jl^^jj = rf^be^, we are able to deduce 

SV=9 = -V :i 9e*Sef t . (49) 

To compute the variation of the scalar curvature R we must consider the variation of the ordinary 
Ricci tensor Ri v = e^R^ which is given by bRi u = Sef'R^ + e^SR^. In an inertial frame the 

Ricci tensor reduces to R^ u = d u t^ — dpt^ so that bRi v = SefR^ + ef (d u bf^ — d^bf^^j. The 

second term can be converted into a surface term and does not contribute to the field equations, 
so it may be ignored leading to conclude 

SRiu = befR^. (50) 

With the aid of bRi V we may write the variation bR as 

bR = BTSg^ + gT (v A <5f A ^ - Vjf \ x ) - T^STrf. (51) 

With the above variational calculations involving the metric and Ricci tensor it is not difficult to 
deduce the Einstein-like equations 

at + = fc x£, (52) 



with 



&t = - (vT vpa TW° + V a Tf° + Ipj} + e-^Qt, + (l - e ~ 2 ^) S^j , 



(53) 



(54) 



where 

if = b» (d°cf>) (d^) - (d»<t>) {dA) + (<W - d»d v <j>) , 

CM _ XfT rpXaa _ w waff riV _ p rp\a _ rp^a rp 

The Einstein tensor G„ is given by the standard form Gu = R^ — ^Rb^, while the energy momentum 
tensor T,^ reads 

*V = ^(n^tp - D(^ u) ^ + AqJ^ - A^g^ + T^j 5v) - TJ^g^. (55) 
The Bianchi identities for the A p and i^-sectors read 

^ *piiv = _g^u = _ju^ and ^ ^-20(|,1) T ^ = 0> (56) 
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where j^ m) = (p {m) , J( TO )j, P( m ) = e (m) <5 (3) (f- f monopo i e ) and j (m) = since we work in the 
monopole rest frame. For the gauge fields An and H pa we obtain the equations of motion 

d,F^ + 2p T» = ef (e) , (57) 

^V CT L-mA) T ^A _ Mo *^ = e ^ ap V a j 5 p . (58) 

By integrating (|58p we find the solution 

= e 2<W|r1) [k e^ ap (j 5 p + p A p ) + A^ CT ] , (59) 

where A^ 17 arises from the process of integration and must satisfy V a A^ ua = and A^ ua ^ = 0. 
The general form of A^°" that fulfills both conditions is K^ va = e^^d^f, where / is a scalar 
function. From the solutions (159|) it is clear that the sources of torsion are spinors, dilatons and 
the electromagnetic gauge fields. Furthermore, equations ([57]) . ([58]) and ([59]) describe a system of 
interacting charged fermions and abelian magnetic monopoles where the interaction is mediated by 
topologically massive vector boson with mass m| = 2/^ . 



5 Generalized Maxwell's Equations, Classical Hamiltonian For- 
mulation and Magnetic Field Symmetry 

It is known that the classical non-relativistic theory describing the massless electromagnetic scatter- 
ing of an electric charge from a fixed magnetic monopole has a well defined Hamiltonian formulation 
|29j . Alternatively however, it is equally well known that one cannot construct a self-consistent 
quantum field theory describing the nonrelativistic electromagnetic interaction mediated by mas- 
sive photons between a point-like electric charge and a magnetic monopole [16j . In one of our 
previous work [T7], we showed that this inconsistency arises in the classical theory itself. 

In this Section of the paper, we explore the possibility of constructing a self-consistent nonrela- 
tivistic classical theory where magnetic monopoles and topologically massive vector bosons coexist 
in the framework of scalar-tensor gravity with torsion potential. 



5.1 Generalized Maxwell's Equations 

In this subsection, we begin by decomposing, for convenience, the electromagnetic field strength 
and torsion tensors into their boost and spatial components according to 



Eij = ^ijk{,B)ki 



T 



Toij - j ijk (£)k, and T n = | R c 

-l-ijk = €ijk*5 , 



(60) 



and using the Bianchi identities ([56]) and the field equations ([57]) and ([58]) we obtain the Maxwell- 
torsion equations in standard vector notation 



d-E(r)= P(e) -2p B(r),V 
Ox E(r) = -d t B (r) , V x 



WM)?(jtj\ = k p B (r) + k V x J 5 , 



SxB (r) = J (e) + 8 t E (r) - 2p £(r) , V le^^B (r)j = k Vp 5 - k p E (r) 



(61) 

(62) 
(63) 



where d represents the ordinary nabla differential operator of flat space, j pv = V ' a T pua = e fJ,ua P'V a j\ 
and j£ = (p 5 , j^j. The pseudo-current arising from the spin energy potential contributes to 
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the diffusive magnetic potential. Observe that the magnetic current j m is absent from the first 
equation in (|62p since we are working in the rest frame of the monopole. In absence of electric 
fields, charges and currents, as well as the absence of magnetic current and the zeroth component 
B of the torsion dual T 1 *, the maxwell-torsion equations become: 



d-E(r) = 0,V- \e- m ^£(r)] =0, d-B(r) = P(m) , 
8 x E (r) = 0, V x \e~ mA) £ (f)l = k ol i Q B (r) + k V x j 5 



(64) 



(65) 

Ox B(r) = -2n S (r) . (66) 

The total static magnetic field of the system is comprised of the point-like magnetic charge, string, 
diffuse magnetic field (arising from the spatial components £ of the torsion dual T^) and spin- 
magnetic (arising from j'5) contributions 



B{r) = ^monopole (f) + B' (f) = d X ^monopole + &{m) h ( j 

= d x 1+ e {m) h(r) , 



+ dx 



: 0j5 



(67) 



where A = ^monopole + A' with A' = e ^(^E + k^j^, and the vector A monopo i e is a singular vector 
potential representing the field of the fixed monopole 



a ^ _ e M sin(0) . 

^monopole {?) — - — ^Tgs [ n x rj, 7= 7T, 



(68) 



with semi- infinite singularity line oriented along the negative z-axis. The quantity h (r) is the 
magnetic string function 



h(r) 



4?r 8 (9) 5 (<p) 



sm ( 



(— cos6*) , is the Heaviside step function 



(69) 



encountered in monopole theory. The magnetic field -B m0 nopoie m (|67j) generated by the point-like 
magnetic charge is given by 



-Bmonopole (Jj 

whereas B' (r) in (|67p has the form |X6(, [T7] 



B' (r) = b^(r, n ■ r)r + b^ 2 \r, h ■ r)n, 



(70) 



(71) 



with M 1 ) and being general scalar field functions and n denoting a unitary vector along the 
monopole string. Combining equations (|70p and (|7ip . equation ()67p becomes 



5(f) 



'(m)» 



+ b^\r, h ■ r)r + b^ 2 \r, h ■ r) 



n. 



(72) 



It is clear from equation (|72j) that no spherically magnetic solutions are allowed within Maxwell's 
generalized equations. Moreover, the magnetic fields -Bmonopole if) and B'(f) satisfy 



9 ■ ^monopole (r) = e (m )<5 (3) (f), d X -B mon0 p i e (f) = 



(73) 



and 



5 ■ B' (r) = 0,9x5' (f) = -m|(Amono P oie + e~ 2 ^£), mi = 2^ (74) 

respectively. Notice that because of the second equation in (|74p is consistent with the non spherical 
symmetry of the total magnetic field in equation (|72p . 
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5.2 Classical Hamiltonian Formulation and Magnetic Field Symmetry 



In this subsection, given the magnetic field solutions obtained in the previous subsection, we con- 
sider the possibility of constructing a classical non-relativistic Hamiltonian formulation of a theory 
describing a point-like electric particle with charge e and mass m moving in the field of a fixed 
monopole of charge e( m ) . We require that the constructed Poisson algebra of such Hamiltonian 
formulation be consistent with the symmetry of the total magnetic vector field obtained in the 
above subsection. 

The Hamiltonian that describes to the above system is given by, 



dcf (V - el) 2 

TT )_ I TT TT 

-"total — 2lTL -"string? -"string 



-< c ilin j I ^ x h(r} \ ■ dr. 



(75) 



The classical equation of motion arising from (175p . becomes 



m^-v-e^r x (d x A) - ee( m )^ x h (r) = 0, v = ^, A = A m0 no P oie + e 2<t> ^£ 



Vt 



dt 



dt' 



(76) 



where in component form^^- = f ^ + f^-uV with v k = k = 1, 2, 3. For simplicity it is 

jj_ e - 2 0(H)£ {f) so we may neglect d x j'5 in the following analysis. Under 



assumed that 



J5 



this hypothesis, the total magnetic field B (r) reduces to 



B(r)= dx Anonopole + e (m) /t (r) 



+ dx 



%K\*\)g(fj\ =dx A + e (m) h(r). 



(77) 



Since we require that B (r) be a vector field, we must verify that the quantity e~ 2 ^^£ transforms 
appropriately under spatial rotations. Given that we are in a curved space, we must define the 
spatial rotation generator associated to the Hamiltonian (175ft such that it satisfies a proper Poisson 



algebra. We define the generator of spatial rotations as J = f L+s such that J-s = where L = f r x P 
is the orbital angular momentum operator in curved space, P = f p — eA is the curved space kinetic 
momentum vector, p dc 



pflat _ p i s the curved space canonical momentum with p 



^flat 4?. f ™ dr 



m 



being the ordinary canonical momentum vector of flat space. Finally s is defined as |17j . 



ill 



+ eA 



,def 



r x ( E x B 



d 3 r 



■^massless & I dw X 



r ->. 
1 X B 



R 



(78) 



with s mass i ess = ee( m }R [29l [30] and R is the relative vector position between the monopole and 
the electric charge. The vector s is taken as an angular momentum with independent degrees of 
freedom and must obey the following classical Poisson bracket relation 



(79) 



We make use of a result proved in [3l] , namely that in a curved spacetime the fundamental Poisson 
brackets are always conserved. Thus, in the curved spacetime that we consider, the Poisson brackets 
between two generic functions u(p, f, t) and g(p, f, t) of the dynamical variables p and r, are defined 
in usual manner as 

{u(p, r, t), g(p, r, t)} = ^{d IH ud ri g - d n ud Pi g). (80) 



In what follows, we employ the basic canonical Poisson bracket structure for the conjugate variables, 

{ n , rj } = 0, [r u pf") = -5 tJ , [p^\ pf") = 0. (81) 
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Since we are working within a curved spacetime geometry, it is necessary to verify that the J 
operators are in fact the generators of rotations. To this end, we consider the Poisson bracket of J 
operators, 

{ Ji, Ji} = {e ijk rj (p k - A k ) + Si, ei mn r m (p n - A n ) + si} (82) 

— {^-ijk^jPk ^ijk^"jA k + Sj, £lmnTmPn ^IrmnTmAn ~\~ S;} 

— {^ijkfjPki ^Imn^mPn} {^-ijkf jPki ^Iran^mAn} -\- 

{^ijk^jA kl £lmrJ'rnPn\ ~i~ \&ijkTj A k , £lmnTmAn\ ~\~ {Sj, s{\ . 

Note that in the previous Section and for the remainder of this subsection, we set the electric charge 
e = 1 for convenience. The first bracket on the right hand side (rhs) of (|82p becomes 

{e ijk rjp k , ei mn r m p n } = ^£ ijk rj [pl &t - f fc ) , ei mn r m (p^ at - f n J j (83) 

= ^ijk r jPk > ^lmn r mP n } ^^-ijk r jPk i ^Imn^mXn^ ~\~ 

where 

{e«*Trf\ ei mn r m pT} = r lP f at - r iP f a \ (84) 

— ^^ijk r jP k i £lmn r mX nj' = &il r nJ^n 4~ ^ijk^lmn r mP k "^-T n , Tj\ , ($5) 

— [sijkTjt k, eimnTmPn^ = Sur k t k + rjf i + e ijk £i mn r jp^ at |r m , f fc | , (86) 

^S-ijfc^jT/j, £/ mn r m f n j' = £ijk^lmn r jYn yj"mt f/.^ ^ijk^lmn r mX k ^^ni Tjj ■ (^7) 

Similarly, the second bracket on the rhs of (|82p reduces to 

— { £ ijk r jPki £lmn r mA n } = — ^£ijk r j {p k ~ f k ^j , £lrnn r m,An^ (88) 

= ^^-ijk r jPk ! ^-lmn r m,A n ^ + |^iji£;?*jT£., £l m n r mAn^ 

where 

— ^ijk r jPk ) £lmn r mAn^ = 5ur n A n — T\A{ + £ijk^lmn r mP k {A n , Tj\ , (89) 
~H ^^ijfc^jT^, £l m n r mAn^ = ^ijk^-lmnf 'j A n ^Trni f fe J" ^ijk^-lmn r mX \ {A ni Tj\ . (90) 



The third bracket on the rhs of (182ft is similar to the second with A and p being interchanged such 
that, 

— {^ijk r jA k , £lmn r rnPn} = ~^U r nA n + TiA\ — £ij k £lmn r jP^" { r m, A k } + (91) 

~^~^ijk^lmn r mA k j, r n j- + £ ij k £ lmn r n { r rm A k } . 



Finally, the fourth bracket on the rhs of (J82J) is given by 

{^■ijk^jA k , £\rmrJ'rnA n \ — Sijk^lmn^ j A n {f m , A k } £ij k £lmvXm,A k {A n , Tjj . (92) 
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Combining these results, we obtain 

{Ji, Ji} = r lP f at - r iP f &t + S u r n t n - 6 u r k t k + r i t l - r^f; + 
+5ur n A n - 5ur n A n + nAi - nM + 
+e ijk ei m n (r m pl &t {A n , r s } - rjp^ {r m , A k }^j + 

~\~£ijk£lrnn ( r jA n {A k , r m \ — T m A k {A n , Tj}) + 
~^~^ijk^lmn (j'mPk ^f n , rj j- r jPn j^mj "^J^ 

~\~^-ijk^lmn i^j^n {^fci Tm\ ^rnXk {-^ni '"j}! 

+£ijk£imn (rjA n jf k , r m \ - r m A k |f n , r,- - eu k s k . (93) 
The full antisymmetry of the Levi-Civita tensor leads to 

^ijk^lmn^mPk {^tu r j} ^-ijk^lmn r jPn {^n> r m} = {^ijk^-lmn ^imn^ljk) r mP k {^ni r j} 

= (94) 

and 

£ijk£lmn r mP k *^-T n , Tj^ ^ijk^lmn r jPn yj^ni = {^ijk^lmn ^imn^ljk) r mP k |^f n , r^j" 

= 0. (95) 

Thus, 

{Ji, Ji} = —£ijkJk (96) 

proving that J is the generator of spatial rotations. Using J we can now show that e _2 ^'^£ (r) 
transforms as a vector, 

{j,,e- 2 ^} = {j i)e -W)}^ + e- 2 ^1){J,,^} (97) 
= euke- 2 ^£k since { J u e" 2 ^} = 0. 

The vector e'^^S (r) can be shown [16] to have a general functional form 

e - 2 <t>(M)£ = k mj£ (m £ r, m £ f- n) (nxf), (98) 

where £ is a generic scalar field function. We emphasize again that form the d X B' (r) equation in 
(|74p . it is evident that no spherically symmetric magnetic B' (r) field solution exists, i.e. B 1 (r) ^ 
B' (r) f. 

We now study whether the symmetry properties of the magnetic field obtained above is compat- 
ible with the Poisson algebra of the system. This is accomplished by determining if the magnetic 
field transforms as a vector under spatial rotations by computing the Poisson bracket { Ji, Bj}. It 
is convenient to begin this analysis by calculating the curved space canonical momentum p and the 
curved space kinetic momentum vector P Poisson brackets, 

{pupa = {pf^-hp^-f,} 

= jp? a \ P? at } - { P f a \ f,} - {f„ P f} + {t i: f,} 

= {f,-, pf at } - {f u Pj flat } = -^where % = 8 l f j + d j t l (99) 
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and 

{Pi,Pj} = {pi-A^pj-Aj} (100) 
= {Ph Pj} ~ {Pi, Aj} - {Ai, pj} + {Ai, Aj} 

= {Aj, Pi} - {Ai, pj} -mij 

= {Aj, pf at - f 1 ,} - {,4,, J* - f,} - 

= {Aj, p^} - {Aj, ti) - {A, pf 1 } + {A i: tj] - Xij 

= 9{Aj + djAi "^^J; {-^ii ^J'} 

= —(diAj — djAi) — fKij = —EijfcBk — SKy . 

Note that we employed the Dirac-veto Bk = (eki m diA m + er m )hk) V —? £kimdiA m in obtaining (jlOOp . 
that is, we impose that the electrically charged particle must never pass through the string |32j 
and therefore the electric charge does not "feel" the magnetic field contribution originating from 
the string function h (r) . From (jlOOp we conclude 

B k = ~e ijk ({Pi, Pj} + Xij) ■ (101) 

We can now calculate the Poisson bracket {Ji, Bj} 

{Ji,Bj} = -- £lmj {J h iR lm + {P h P m }} (102) 

{Ji, K lm } - {Ji, {Pi, p m }} 

= 7} £ lmj {Jii {Ph Pm}} ~ ^Imj {Ji, {Pi, Pm}} 

by using the Jacobi identities 

{Ji, {Pi, P m }} + {P m , {J h P^} + {Pi, {P m , Ji}} = 0, (103) 

{Ji, {Pi, Pm}} + {Pm, {Ji, P,}} + {p n {Pm, Ji}} = 0, (104) 

and 

{Pm, {Ji, Pi}} = —£ilk {Pm, Pk} = ~£ilk \—^mknB n — , (105) 

{Pi, {P m , Ji}} = ~ {Pi, {Ji, Pm}} = e imk {Pi, P k } = Eimk [siknBn ~ ^lk] , (106) 

{Pm, {Ji, Pi}} = -^ilk {Pm, Pk} = Silk (-%nk) , (107) 

{Pi, {Pm, Ji}} = ~ {Ph {Ji, Pm}} = £imk {Pi, Pk} = ^irnk (~%k) ■ (108) 

Using (fT05|) . CE06]), CEUTD , ([TD5D together with the Jacobi identities (fT03]) and (fTM|) . we obtain 

{Ji, {Pi, Pm}} = — (Silk [—£mknB n — ^mk] + £imk [—£lknB n — 9^fe]) (109) 
— E-ilkE-mkn-Bn ~i~ £-imk£lknB n £ ilk~^mk ~i~ ^imk^lk 
= —SilB m + SimBi — SukJtmk + ^imk^lk 



and 



{Ji, {pi, p m }} = - [-Silk (-9tmfc) + £imk (-*%)] (HO) 
— Silk-^mk E-imk^lk ■ 
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Substituting (fT09|) and (fTTUD into (fT02|) leads to 

111 

= Q^^lmj i^il Em dim-Bl) + —ElmjEimk (~^lk ~l~ ~^-lmj£ilk i^-mk ^mk) 

E-mij^m- 

It is known from fjTOf) that -Bmonopole is spherically symmetric and following [17J, it can be shown 
that the diffuse magnetic field (with vector potential of form (|98p ) must exhibit spherical symmetry 

B' (f) = B' (r) f. (112) 

in order to satisfy (jllip . Such spherically symmetric solutions however, are incompatible with the 
second equation in (|74p . This result implies it is not possible to formulate a consistent classical 
theory describing nonrelativistic point-like charged particles interacting with magnetic monopoles 
without a "visible" string via topologically massive vector bosons in curved spacetime with isotropic 
dilation since there is no way to construct a consistent Lie algebra. 



6 Conclusion 

In this article we considered a Brans-Dicke generalization of gravity with non-vanishing curvature 
and torsion of potential type. An action describing electromagnetic interaction between charged, 
nonrelativistic fermions with an abelian magnetic monopole, where the interaction is mediated by 
topologically massive vector bosons, was proposed. The gauge field mass is a direct consequence 
of the (topological) coupling - characterized by fi - between the electromagnetic 4-vector and the 
second-rank torsion potential. This coupling is said to be topological due to the lack of // -dependent 
terms in the canonical energy-momentum tensor. The field equations for the theory as well as the 
Bianchi identities in the electromagnetic and torsion sectors were obtained. From the solutions 
to the torsion field equation ([59]) we observe that the sources of torsion are spinors, dilatons and 
photons. The dilatonic contribution arises from the non-minimal torsion-dilaton coupling while the 
electromagnetic contribution is due to the aforementioned topological interaction. 

Assuming an isotropic dilaton field configuration, the quantity e~ 2 ^^£ plays the role of a 
massive photon-like term with mass m| = 2/u . This term together with pseudo-current j'5 arising 
from the spin energy potential constitute the total diffusive magnetic potential A' . It was demon- 
strated that the Poisson bracket {J, B} in curved spacetime is not only well defined but identical 
in structure to the flat spacetime dilaton free case. It can be shown following [T7] that under the 

isotropic dilaton and Dirac veto ansatz, together with the limit j'5 -C 

symmetric magnetic field solutions are required in order to satisfy t 
Although -B monopo i e is spherically symmetric, spherical solutions for the diffuse magnetic field B' 
are inconsistent with the nonvanishing of d x B' (r) in (|74p despite the topological nature of photon 
mass effectively generated by m|e _2( ^'^<? (r). For this reason we conclude that the incompatibility 
between massive photons and magnetic monopoles (without visible string) in the present classical 
framework is not a consequence of the specific nature of photon mass generation. What is more, 
the incompatibility survives the transition from flat to curved spacetime and persists even in pres- 
ence of (isotropic) dilaton fields. With regard to the matter content of the theory, it is interesting 
to observe that depending on the sign of the fermion electric charge, the pseudo-current j'5 could 
serve to either enhance or degrade the massive photon-like term. A measurable consequence of this 
would be an associated increase or decrease of the diffuse magnetic field intensity arising from the 
diffuse vector potential A' . 



\_ e -mA)g (f) , spherically 
re Poisson bracket {J, B}. 
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